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Type Universes

Inductive T : Type :=
| mkT : forall X : Type, (X ->T) -> T.



Type Universes

Inductive T : Type :=
| mkT : forall X : Type, (X ->T) -> T.

Definition TT : T := mkT T (fun x => Xx).

The term "T" has type "Typed{T.u0+1}" while it is expected to have type "Typea{T.u0}"

(universe inconsistency: Cannot enforce T.u0 < T.uO because T.u0 = T.u0).




Universe Hierarchy

j < k

= Typea{j} : Typea{k}



Universe Hierarchy

J < k

= «af{j} : *a{k}



Universe Hierarchy

J < k

~ o*a{j} : ~aik} @ik} : ~a{k}

inconsistent!



Logical Inconsistency

Inductive False : Type.
Definition (consistency): Ab s.t. = b : False

Girard’s paradox: ~ * : x is inconsistent



Universe Level Polymorphism

Polymorphic Definition id@{u} (X : Type@fu}) (x : X) := x.

Polymorphic Inductive Ta{u v} : Typeaiv} :=
| mkT : forall X : Typea{u}, (X -> T) -> T.
(* uv |=uc<v *)



) do we have to stratify universes into a hierarchy?

@ stratify judgements instead of universes




Stratified Type Theory

'~ a : A| conventional TT
r~ A : *f{k}

b, x : A~ B : »afk}

F'~ nNx : A. B : ~a{k}

StraTT

functions | universes | cumulativity | ...

= a : A @k | Strarr

= A : ~ @J

N x : AaJ B : ~@ak J <Kk
= nNx : A@j. B : ~ ak
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Stratified Type Theory

'~ a : A| conventional TT
r~ A : *f{k}

b, x : A~ B : »afk}

F'~ nNx : A. B : ~a{k}

StraTT

functions | universes | cumulativity | ...

= a : A @k | Strarr

= A : ~ @J

N x : AaJ B : ~a@k J <Kk
F'=nNx : A@j. B : ~ ak
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Stratified Type ThBOI‘V functions | universes | cumulativity | ...

'~ a : A| conventional TT N~ a : A @k | Strarr

r~ A : *f{k} F'= A : » @J

b, x : A~ B : »afk} M x : A B : ~ak J<k
P

F'~ nNx : A. B : ~a{k} F=1Nx : A@Qj. B : » @k

J < k

r = =a{j} : ~a{k} =~ : » ok
y



Stratified Type Theory

'~ a : A| conventional TT

= A : ~a{j} j <k

r— A : =f{k}

J < k

r = «a{j} : ~afk}

StraTT

functions | universes | cumulativity | ...

N~ a : A @k | Strarr
'~ a : A @ j < k
= a : A ok
I * ok
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Stratified Type Theory

'~ a : A| conventional TT

= A : ~a{j} j <k

r— A : =f{k}

J < k

r = «a{j} : ~afk}

StraTT

functions | universes | cumulativity | ...

N~ a : A @k | Strarr
F'~a : A@j j < k
= a : A ok
I * ok
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Confidence Check: identity function

Rocq Universes V.

Definition id (X : Typea{v}) (x :

StraTT id : NX : * Q1. x @ X al. X @2
id X x = X N

StraTT
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Confidence Check: identity function applied to itself

Rocq Universes u v. Constraint u < v.
Definition id (X : Typea{v}) (x : X) : X := X.
Definition idid : forall X : Typea{u}, X -> X :=

id (forall X : Typea{u}, X -> X) (fun X x => id X x).
~ ~
StraTT id : NX : » 1. Nx : X 2l. X a2 Typea{u} Typea{v}

1id X x = X

StraTT 18



Confidence Check: identity function applied to itself

Rocq Universes u v. Constraint u < v.
Definition id (X : Typea{v}) (x : X) : X := X.
Definition idid : forall X : Typeafu}, X -> X :=
id (forall X : Typea{u}, X -> X) (fun X x => id X x).

StraTT id : NMX : » @l. Nx : X 1. X @2
1d X x = X N

(1)2
1did : NX : » @0. Nx : X Q0. X @2 -

idid = id (NX : * @O. NMx : X @0. X) W
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Confidence Check: identity function applied to itself

Rocq Universes u v. Constraint u < v.
Definition id (X : Typea{v}) (x : X) : X := X.
Definition idid : forall X : Typeafu}, X -> X :=
id (forall X : Typea{u}, X -> X) (fun X x => id X x).

StraTT id : NX : » Q1. xexa)z
id X x = X az

a2
1did : NX : » 0. X > X @2 A

idid = id (NX : * 0. X > X) (AX Ax. id X x)

StraTT



Stratified Type Theory

' a : A| conventional TT
r— A : =f{k}

b, x : A~ B : »afk}

F'~ nNx : A. B : ~a{k}

Fr— A : »fk} T~ B : »a{k}
r— A > B : *~i{k}

StraTT

functions | universes | cumulativity | ...

'~ a : A @K | Strarr

dependent functions
= A : ~ @j
Ny x : AJ B : @k J<Kk
F'=nNx : A@j. B : ~ @k

“floating” functions
Fr'— A : gk TFH A : x @k
= A->B : » gk
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Stratified Type Theory

'~ a : A @K | Strarr
'~ a : A@J j < k
'~ a : A @k

“floating” functions
Fr— A : gk THF A : x @k
= A->B : » ok

StraTT

functions | universes | cumulativity | ...

J <k
Fr=f : «~ 2> »@j

FEf @ x>« @k
, takes x @k, not % @J
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is StralT useable?

implementation with
extensions:

* prototype
type checker
* displacement
* datatypes
* annotation inference

* small core library
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Displacement

original 1d :

MX

id X x

duplicate id’

id’” X x

idid :

idid

c x @0. MNMx : X Q0. X a1

: X

nx :

id

X

*@l. Mx @ X al. X @2
X

* @0. X > X @2
(X o+ @O. X > X) (AX. Ax. id' X x)

Prototype
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Displacement

original id : NX : » @0. Nx : X @0. X @l
1d X x = X
id" ¢ OX ¢ o« @, Ox @ X aF. X @2
" _

displaced id* : NX : » @1. Nx : X @l. X @2

idid : NX : » @0. X > X @2
idid = id** (NX : * @O. X > X) (AX. Ax. id** X x)

Prototype



Level Annotation Inference

unannot.
StraTT

inferred
StraTT

idid :

1did

idid :

1d1id

nx : ~ aff. x > x aj}

id® (nx

« A, X > X) (AX. Ax. id® X x)

NX : » Q0. X > X @2

id*t (NX :

*» 0. X > X) (AX. Ax. 1id* X x)

Prototype
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On Expressivity

fixed floating

data X (a : A Qi) (b :

C: .. Xabaok

B) : » @j where

Prototype
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On Expressivity

fixed floating
data X (a : A@i) (b : B) : » @) where
C: . Xabak

® cumulativity + displacement help avoid code duplication
with exceptions: see the paper

Prototype
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On Expressivity

fixed floating
data X (a : A@i) (b : B) : » @) where
C: . Xabak

® cumulativity + displacement help avoid code duplication
with exceptions: see the paper

® ill-typed definitions fail to check at the same points
e.g. three type-theoretic paradoxes (in 3.. 2.. 1..)

Prototype
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is Stral T
consistent?

we don’'t know.

® type-theoretic
paradoxes failing

® StraTT w/o floating
functions (subStraTT)
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Three Type-Theoretic Paradoxes

1.Russell’s paradox: an inductive containing inductives
that don’t contain themselves

2. .Burali-Forti’'s paradox: a well-founded inductive
strictly greater than itself

3.Hurkens’ paradox: simplification of Girard’s paradox

all fail to type check!

® trying to use higher-level term at lower level
® trying to use displaced term at undisplaced type

p—Consistency S



Consistency of subStralT (StraTT w/o floating functions)

Theorem (logical consistency):
A closed, well-typed inhabitant of L

Proof sketch:

1.define logical relation (interp types as sets of terms)
L interp. empty type as empty set

2.prove properties: cumulativity, conversion, bwd closure

3.show well typed terms inhabit interp. of their type

) Consistency SR



Consistency of  StralT?

Conjecture (logical consistency):
A closed, well-typed inhabitant of L

Proof sketch:

1.define logical relation (interp types as sets of terms)
b interp. empty type as empty set

2.prove properties: —eumutatTvity, conversion, bwd closure
b floating functions break preserving cumulativity

3.show well typed terms inhabit 1nterp. of their type

) Consistency S0



Contributions

StraTT: type theory w/
stratified judgements
type safety (not presented)

prototype implementation
L displacement

b datatypes

b annotation inference

subStraTT consistency proof

Future Work

StraTT consistency
expressivity
Lvs. TT +

prenex lvl polymorphism
inference sound/complete
extensions
b actual level polymorphism
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* paper:

thank VOU! https://dol.org/10.1007/9

/8-3-031-91118-7_10

* proofs/implementation:
ithub.com/plclub/StraTT

for more:



https://doi.org/10.1007/978-3-031-91118-7_10
https://doi.org/10.1007/978-3-031-91118-7_10
https://github.com/plclub/StraTT

(Typing)
DT-P1 |
ATHEA! %
DT-TypE AT, xJ ArB:* %
ArT j<k
AT F* % AT FIIx? A B:F %
DT-ABsTy DT-ArrTY
ATHAY % A:TFb:FTIx/ A B
AT,x? Ar b:FB ATrad A
J<k j<k

A:THAx. b:-*TIx/ A B

AT+ ba:*B{a/x}

DT-BorTOoM
ArT

DT—CONST
DT-Var xJA=aeA
xJAEeT ArT FA
A+rT j<k i+j<k
ATrFx:*A A:T k- x' kAt
DT-ABSURD
A;TI—A:k*
AT+ bk

A;T + absurd(b) ¥ A

A;I‘I—J_:k*

DT-Conv

A;Tl-a:kA

A;Tl—B:k*
A+rA=B

AT+a:*B

DT-ArrowW
ATEA:R% AT+ B:F
A;FI—A—)B:k*
DT-ABsTMm
AT A % DT-AppTM
AT+ B:F % ATHb:*A—B
&;T,x:kAl—b:kB &;Fl—a:kA
ATHAx.b¥A—> B ATrba:XB
FA AOFAF % ArT  ATHA:F%
A;@I—a:kA x ¢ domT
x ¢ domA x ¢ domA
k&xﬁAﬁ:a Aka*A
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(Al

a € [A]x

e [L]x

A € [+]x = [Alx
a < [[J_]]k 20

i<k  [A];
Vy.y € [A]; — [B{y/z}]«

[Tz’ A. B]x

A= B

[ Bl

[A]lx

f € Mad A Bl £Vy.y € [A]; — fy € [B{y/z}

a € [[Aﬂk éae [[B]]k

(where A = B)
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