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fix: complete overhaul of structural recursion on inductives
predicates #9995
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mutuall \

This PR almost completely rewrites the inductive predicate recursion algorithm; in particular

IndPredBelow to function more consistently. Historically, the brecon generation through

IndPredBelow has been very error-prone - this should be fixed now since the new algorithm is very
direct and doesn't rely on tactics or meta-variables at all. Additionally, the new structural recursion
procedure for inductive predicates shares more code with reqular structural recursion and thus allows
for mutual and nested recursion in the same way it was possible with regular structural recursion. For
example, the following works now:
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simple induction

inductive type induction principle (“recursor”)
inductive Nat : Type where Nat.rec
zero : Nat (motive : Nat - Prop) -
succ : Nat - Nat T o cuse zero
motive zero -
-- case succ

(Vn, motive n

» motive (succ n)) =
-- target, goal
VYn, motive n



simple induction

proof script proof state

theorem mythm (n : Nat) : n : Nat
mygoal n := by = mygoal n



simple induction

proof script

theorem mythm (n : Nat)
mygoal n := by
induction n

proof state

V¥ case zero
— mygoal zero

V¥ case succ

n : Nat

IH : mygoal n

= mygoal (succ n)



mutual induction

mutual inductive types mutual induction principle

???.1rec :
(motive_1 : 0dd - Prop) -~
(motive_2 : Even - Prop) -~

mutual

inductive 0dd : Type where

inductive Even : Type where

end -- target, goal
??7?



mutual induction

mutual inductive types mutual induction principle

???.rec :

(motive_1 : 0dd - Prop) -~
. . . (motive_2 : Even - Prop) -
inductive 0dd : Type where C. case 0dd.succ

succ : Even - 0dd (Ve, motive_1 e
-» motive 2 (succ e)) -

mutual

inductive Even : Type where

end -- target, goal
??7?



mutual induction

mutual inductive types

mutual

inductive 0dd : Type where
succ : Even - 0dd

inductive Even : Type where
zero . Even

end

mutual induction principle

???.rec :

(motive_1 : 0dd - Prop) -~
(motive_2 : Even - Prop) -~
-- case 0dd.succ
(Ve, motive_ 1 e

- motive 2 (succ e)) =
-- case Even.zero
motive_2 zero -~

-- target, goal
??7?

10



mutual induction

mutual inductive types

mutual

inductive 0dd : Type where
succ : Even - 0dd

inductive Even : Type where
zero . Even
succ : Odd -» Even

end

mutual induction principle

???.rec :

(motive_1 : 0dd - Prop) -~
(motive_2 : Even - Prop) -~
-- case 0dd.succ
(Ve, motive_ 1 e

- motive 2 (succ e)) =
-- case Even.zero
motive_2 zero -~
-- case Even.succ
(Vo, motive_1 o

- motive_2 (succ o)) =~

-- target, goal
??7?
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mutual induction principles — two of them

Odd.rec

(motive_1 : 0dd - Prop) -
(motive_2 : Even - Prop) -~
-- case 0dd.succ
(Ve, motive_ 1 e

- motive 2 (succ e)) -~
-- case Even.zero
motive 2 zero -~
-- case Even.succ
(Vo, motive_1 o

- motive 2 (succ 0)) -
-- target, goal
Yo, motive 1 o

Even.rec

(motive_1 : 0dd -» Prop) -
(motive_2 : Even - Prop) -~
-- case 0dd.succ
(Ve, motive_ 1 e

- motive 2 (succ e)) -
-- case Even.zero
motive_ 2 zero -~
-- case Even.succ
(Vo, motive_1 o

- motive 2 (succ 0)) -
-- target, goal
Ve, motive 2 e
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Lean Rocq

one motive, one goal ) ¢ *_ind

two motives, *.rec Scheme .. := Induction ..
one goal with .. := Induction ..
two motives, A goals X Combined Scheme .. from ..

mutual induction principles in proof assistants
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what I don’t like about applying conjoined eliminators

@® order is fixed

@® what if one motive is trivial?
O eg.—Tandl = e : T
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what I don’t like about applying conjoined eliminators

@® order is fixed

@® what if one motive is trivial? eg.— Fandl + e :

@® must generalize induction in theorem statement

O looks ugly if the variables could instead be shared
eg. (N : Ctxt) : TV :A>.) AN THFM:B=~>.)
O sometimes idk what needs to be generalized until halfway thru proof

T
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what I don’t like about applying conjoined eliminators

@® order is fixed

@® what if one motive is trivial? eg.— Fandl + e :

@® must generalize induction in theorem statement
O looks ugly if the variables could instead be shared
eg. (N : Ctxt) : TV :A>.) AN THFM:B=~>.)
O sometimes idk what needs to be generalized until halfway thru proof
@® induction tactic (re)introduces variables vs. apply doesn’t
O generalized variables, inductive indices, induction hypotheses
(and no more!)

T
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mutual_induction x,,

using r,, .., ¥

n

generalizing vy, ..

LL X ’

Y

X

n

target these variables

-- 1n the next n goals (req)
-- use these recursors (opt)
-- generalizing these

common variables (opt)
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mutual induction on Even/0dd

proof script proof state

case odd
: Nat

: 0dd
mygoall o

theorem mythm (k : Nat)
:= by ..

case even
: Nat
: Even
mygoal2 e

TOXdq TO X <
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mutual induction on Even/0dd

proof script

theorem mythm (k : Nat)

:= by ..
mutual induction o, e
generalizing k

_________________________________________________

. single tactic acts on multiple
goals simultaneously!

V¥ case odd.succ

k : Nat

e . Even

TH : Vk, mygoal2 e

= mygoall (0dd.succ e)

V¥ case even.zero
k : Nat
— mygoal2 Even.zero

V¥ case even.succ

k : Nat

o : 0dd

IH : Vk, mygoall o

— mygoal2 (Even.succ o)
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syntax design: optional arguments

Lean Isabelle
mutual_induction x,, .., X, (
using r,, .., I, X1 X,
generalizing y; .. V. R AT Y e
: IS
)
all goals must generalize each goal generalizes
the same variables . their own set of variables
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syntax design: optional arguments

Lean Isabelle
mutual_induction x,, .., X, (
using r,, .., I, X
generalizing Yiw, w, Yo - Yo
what if only the last goal | )

generalizes any variables?

generalizing ,,,,, Z

Y o
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syntax design: optional arguments

Lean pros:
mutual induction @® can be specified in any order
| case g, = x, using r, @® optional arguments

generalizing v,.. omittable per-case

cons.

case = X, using r ,
| &n n g I, @® anon. goals don’t have names

@® much wordier
@® unconventional syntax
among Lean tactics

generalizing vy...
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syntax design: mutual theorems

proof script

theorem mythm (k : Nat)

:= by ..
mutual induction o, e
generalizing k

proof state

V¥ case odd
k : Nat

o : 0dd

= mygoall o
V¥V case even
k : Nat

e : Even

= mygoal2 e
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syntax design: mutual theorems

proof script

theorem mythm (k : Nat)
(V o, mygoall o) A
(V e, mygoal2 e) := by
refine
(Ao » ?0dd, Ae — ?even)
mutual induction o, e
generalizing k

proof state

V¥ case odd
k : Nat

o : 0dd

= mygoall o
V¥V case even
k : Nat

e : Even

= mygoal2 e

24



syntax design: mutual theorems

Lean (future work?)

joint (k : Nat)

theorem mythml o : mygoall o

theorem mythm2 e : mygoal2 e

by mutual_induction o, e
generalizing k

Rocq

Lemma mythml k o

Proof.

: mygoall o
with mythm2 k e :

mygoal2 e.
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how does mutual_induction work?

1. compute for each target:
a. identify inductive type & correct recursor
b. collect variables to generalize over
c. construct motive from goal + genvars
2. apply recursors to each goal
a. instantiate missing motives with True
b. retrieve new metavars for each case
3. deduplicate cases:
a. pick canonical case and assign it to all other metavars
b. solve trivial True cases
4. add metavars to list of goals
a. intros genvars + constructor args + IHs

27



how does mutual_induction work?

‘I CO niitAa fAar Anacrh tavant:

E- compute motives ercursor
C. construct motive from goal + genvars
2. apf l
o apply recursors JTrue
b. retrieve new metavars for each case
3. ded combine cases i
a. _ to all other metavars
o —
4. adc add as goals
a. + IHs
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1. compute motives

theorem mythm (m k : Nat) : .. := by ..
mutual_induction o, e generalizing k

V¥V case odd V¥ case even

nmk : Nat m k : Nat

eq : n+m-=K e : Even

o : 0dd = mygoal2 m e

= mygoall eq o

motive_1 o = mygoall eq o motive 2 e =

mygoal2 m e

29



1. compute motives — close over unshared vars

theorem mythm (m k : Nat) : .. := by ..
mutual_induction o, e generalizing k

V¥ case odd V¥ case even

nmk : Nat m k : Nat

eq : n+m-=K e - Even

o : 0dd

— mygoall eq o = mygoal2 m e
motive_1 o :=

V (eq : n +m = k), motive_2 e = mygoal2 m e
mygoall eq o
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1. compute motives — close over unshared vars

theorem mythm (m k : Nat) : .. := by ..
mutual_induction o, e generalizing k

V¥ case odd V¥ case even

nmkKk : Nat m k : Nat

eq : n+m-=K e : Even

o : 0dd

— mygoall eq o = mygoal2 m e
motive_1 o :=

Vni(g:n+m=Kk), motive_2 e = mygoal2 m e
mygoall eq o
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1. compute motives — close over unshared vars + genvars

theorem mythm (m k : Nat) : .. := by ..
mutual_induction o, e generalizing k

V¥ case odd V¥ case even

nmk : Nat m k : Nat

eq : n+m-=Kk .

o = 0dd e . Even

— mygoall eq o = mygoal2 m e
motive_1 o :=

Vnk(egq:n+m=k), motive_2 e = V k, mygoal2 m e
mygoall eq o
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2. apply recursors

V¥ case odd V¥ case even

nmk : Nat m k : Nat
eq : n+m-=K e : Even
o : 0Odd = mygoal2 m e

= mygoall eq o

?0dd := 0dd.rec
(motive_1 = Ao.
(motive_ 2 = Ae.

?0dd.0dd.succ

?even = Even.rec
V n k (eq n +m= k), mygoall eq o)
V k, mygoal2 m e)

?even.0dd. succ

?o0odd.Even.zexo
?o0dd.Even.zexo
o n Kk eq

?even.Even.zexo

?even.Even.zexo
e k
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2. apply recursors — trivialize missing motives

V¥ case odd
nmk : Nat

eq : n+m=Kk
o : 0dd

= mygoall eq o

?0dd := 0dd.rec

(motive_1 = Ao.

(motive 2 = A

?0dd.0dd.succ
?o0dd.Even.zero
?o0dd.Even.zero
o n k eq

V n k (eq :
. True)

k), mygoall eq o)



3. combine cases

V¥ case odd V¥V case even
nmk : Nat m kK : Nat

eq : n+m-=K e : Even

o : 0Odd = mygoal2 m e

= mygoall eq o

?odd = 0dd.rec ?even = Even.rec

(motive_1 = Ao. V n k (eq : n + m = k), mygoall eq o)
(motive_2 = Ae. V k, mygoal2 m e)

?0dd-0dd.succ - 2evenOdd-suce
2odd-Even—zero ?even—kEven.zero

2odd-Even—suee ?even—Even.succ
o n k eq e k

A A




4. add as goals

V¥ case odd.succ

m : Nat

HFVenk (eqg:n+m-=
mygoal2 m e -
mygoall eq (0dd.succ e)

k)l

V¥ case even.zero
m : Nat
= V k, mygoal2 m zero

V¥ case even.succ
m : Nat
=V o k,
(Vnk(eqg:n+m=k),
mygoall eq o) -~
mygoal2 m (Even.succ 0)
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4. add as goals — intro constructor arg

V¥ case odd.succ
m : Nat
e . Even
FVnk((eg:n+m-=Kk),
mygoal2 m e -~
mygoall eq (0dd.succ e)

V¥ case even.zero
m : Nat
= V k, mygoal2 m zero

V¥ case even.zero

m : Nat
o : 0dd
= V kK,

(Vnkg:n+m=k),
mygoall eq o) -~
mygoal2 m (Even.succ o)
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4. add as goals — intro generalized vars

V¥ case odd.succ
mn k : Nat
e . Even
eq : n+m=K
= mygoal2 m e -
mygoall eq (0dd.succ e)

V¥ case even.zero
m k : Nat
= mygoal2 m zero

V¥ case even.zero
m kK : Nat
o : 0dd
F (Vnk((eg:n+m=Kk),
mygoall eq o) -~
mygoal2 m (Even.succ 0)
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4. add as goals — intro IHs

V¥ case odd.succ

mn k : Nat

e . Even

eq : n+m=K

IH : mygoal2 m e

= mygoall eq (0dd.succ e)

V¥ case even.zero
m k : Nat
= mygoal2 m zero

V¥ case even.zero

m k : Nat

o : 0Odd

IH : (VW n k eq, mygoall eq o)
= mygoal2 m (Even.succ o)
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what about nested induction??

https://qithub.com/ionathanch/Mutuallnduction#towards-nested-induction-mk_all

Towards nested induction: mk_all

As an extra bonus, this repo also includes a mk_a11 attribute for inductive types that generates new
definitions that lift predicates over the given parameters to predicates over that inductive type. For example,
consider the following list type that we want to lift predicates over.

@[mk_all a] d;

inductive List (a : Type) where
| nil : List a
| cons : a - List a - List a

By default, List isina Type universe. Then two definitions are generated: List.all and List.iall,which
lift predicates over a to predicates over List a into Prop andinto Type , respectively. Internally, the
predicates are implemented using the list recursor, but are equivalent to the following recursive functions.

de =

&

List.all {a : Type} (P : @ — Type) : List a - Type
nil => Unit
cons X Xxs => P x x List.all P xs

def List.iall {a : Type} (P : o - Prop) : List a - Prop
nil => True

cons X Xs == P x a List.iall P xs

If List isinthe Prop universe, thenonlya List.all into Prop is generated as an inductive type.


https://github.com/ionathanch/MutualInduction#towards-nested-induction-mk_all

try it yourself!

import Lake
open Lake DSL
require "ionathanch" / "MutualInduction" @ git "v0.1.0"

from git "https://github.com/ionathanch/MutualInduction" @ "main"

y

package «your_package» where ..

lakefile.lean
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