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Type Universes

Inductive U : Type :=
| mkU : forall X : Type, (X -> U) -> U.



Type Universes

Inductive U : Type :=
| mkU : forall X : Type, (X -> U) -> U.

Definition UU : U := mkU U (fun x => Xx).

The term "U" has type "Type@{U.u0+1}" while it is expected to have type "Typea{U.u0}"

(universe inconsistency: Cannot enforce U.u® < U.u® because U.u® = U.u0).




Universe Hierarchy

J < k

- Typea{j} : Typeaik}



Universe Hierarchy

J < k

- xa{j} : *a{k}



Universe Hierarchy

J < k

Fx{j} @ xa{k} Foxg)ik} o oxa{k}

inconsistent!



Logical Inconsistency

Inductive False : Type.
Definition (consistency): Zb s.t. - b : False

Girard’s paradox: - * : * is inconsistent



Universe Level Polymorphism

Polymorphic Definition eqq{u v}
(X : Typeafu}) (x : X) (y : X) : Typea{v} :=
forall P : X -> Typea{u}, P x -> P vy.

(* uv |=uc<v *)



Levels, Polymorphism, Constraints

= ProofView: hurkens.v X

Error: In environment

pis
Pa{hurkens.693 hurkens.693 hurkens.694} Ug{hurkens.693 hurkens.689 hurkens.693
hurkens.69@ hurkens.693 hurkens.694 hurkens.693 hurkens.69@ hurkens.693
hurkens.694}
one :
forall
X : Ud{hurkens.678 hurkens.693 hurkens.693 hurkens.69@ hurkens.693 hurkens.694
hurkens.693 hurkens.690 hurkens.693 hurkens.694},
si%maa{hurkens.678 hurkens.693 hurkens.690 hurkens.693 hurkens.694 hurkens.693
urkens.689 hurkens.693 hurkens.690 hurkens.693 hurkens.694} x p —
p (fun x@0 : Typea{hurkens.689} = x x0)
The term
"Omegag{hurkens.689 hurkens.690 hurkens.693 hurkens.692 hurkens.693 hurkens.694
hurkens.695 hurkens.696}"
has txpe
"Ua{hurkens.692 hurkens.689 hurkens.693 hurkens.690 hurkens.693 hurkens.694
hurkens.692 hurkens.696 hurkens.693 hurkens.694}"
while it is expected to have type
"Ua{hurkens.693 hurkens.689 hurkens.693 hurkens.690 hurkens.693 hurkens.694
hurkens.693 hurkens.69@ hurkens.693 hurkens.694}"
(universe inconsistency: Cannot enforce hurkens.696 < hurkens.690 because
hurkens.690 < hurkens.669 < hurkens.696).




@ stratify judgements instead of universes




Stratifying System F

[ = T type |System F

[, a type - T type

- Va. T type

- o type I F T type

-0 > T type

StraTT
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Stratifying System F

[ - T type |System F [+ T type @K |[stratified System F
[, a type - T type [, o type @] - T type Ak J < k
[+ Va. T type '+ Va @J. T type ak

-0 type I - T type [+ 0 type Ak I ~ T type ok
o > T type -0 > T type ak

StraTT 12



Stratifying Type Theory

Nr=a : A |TT

Fr+ A : *x@{k}
r, x : A+ B : ~a{k}
F+nNx : A. B : ~a{k}

r A : *x{k} '~ B : *{k}

F'+~A > B : *xaik}

StraTT

F-a : A @k [StraTT

= A : x@J

b, x : A@g -B : @k J <Kk
F~-nNx : A@j. B : » gk

Fr=A : @k TFA : x@k
r-A->B : x gk
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Stratifying Type Theory

Nr=a : A |TT

r A : *x{k}
r, x : A+ B : ~a{k}

F+nNx : A. B : ~a{k}

r A : *x{k} '~ B : *{k}

F'+~A > B : *xaik}

StraTT

F-a: Aak |straTT 1 | « . x gk

= A : *x @J
b, x : A@J-B : x@k J <Kk

F~nNx : A@j. B : » gk

r-A : gk I'+=A : x @k

r-A->B : x gk
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Cumulativity

r-a : A ok

StraTT

15



Cumulativity

r~f : Nx : A aQ1i.

r~f : Nx : A aQ1i.

StraTT

Fr-a: Aaj < k
F+=a : A ok

B @J

B ok
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Cumulativity

r~f : Nx : A Qi.

r~f : Nx : A Qi.

StraTT

Fr+a : A @j < k
Fr-a : A ok

J
B @J r
B ak [

<

k

-f : A>BQj

f : A > B gk
L takes A @k, not A @j
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Why Floating Functions?
Coq Definition id X (x : X) : X := Xx.

Definition idid : forall X, X -> X :=
id (forall X, X -> X) (fun X x => 1id X x).

StraTT id : MX : » 1. X > X 2
id = AX. AX. X

idid : MX : * 0. X > X a2
idid = id (NX : * @0. X > X) (AX. Ax. id X x)

StraTT
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Why Floating Functions?

Coq Definition id X (x : X) : X := Xx.

Definition idid : forall X, X -> X :=
id (forall X, X -> X) (fun X x => 1id X x).

StraTT id : NX : *» @l1. MNx : X @l. X @2
id = AX. Ax. x 0

.. 02
1did : NX : *» @0. Nx : X 0. X @2 A

' 4

idid = id (NX : * @0. Nx : X @0. X) (AX. Ax. id X x)

StraTT
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Displacement

1+] < k
X Ay =a €A X :A®j=a €A
= x' : A+i @k A+ xt -~ a+i

(Mx : A@j. B)+1 = MNx : A+1i @(i+j). B+i

StraTT 20



Why Displacement?

eq : MIX : » 0. X > X > ~ gl

eq X Xy =1MP : X>*x@0. PXx>Py
. a1

1sSet X = , A §
Nx,y : X 20. Np,q : eq X x vy @1. eq' (eq X x y) p q

Y

a2

StraTT
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is Stral T useable?

implementation with
extensions:

e prototype

type checker
+ datatypes
+ annotation inference

e small core library

22



Level + Displacement Annotation Inference

unannot. isSet : NX : = gff. ~ afj
StraTT isSet X = Mx,y : X all. Mp,q : eq X x v aff.
eql (eq X x y) p g

inferred isSet : NX : » Q0. * Q2
StraTT 1sSet X =MNx,y : X @0. MNp,q : eq X x y al.
eq’ (eq X x y) p ¢

Prototype
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On Expressivity

data X (a

fixed floating

: A i) (b :

C: .. Xabaok

B) : ~ @j where

Prototype
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On Expressivity

fixed floating

data X (a : A@i) (b : B) : » @) where

C :

. X ab ok

cumulativity + displacement help avoid code duplication
> except: functions over datatypes need to fix floating parameters

Prototype
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On Expressivity

fixed floating

data X (a : A@i) (b : B) : » @) where

C

. X ab ok

cumulativity + displacement help avoid code duplication
> except: functions over datatypes need to fix floating parameters

per-defn inference has fewer & more modular levels
> but: still a lot of levels per definition

Prototype
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On Expressivity

fixed floating

data X (a : A@i) (b : B) : » @) where

C

. X ab ok

cumulativity + displacement help avoid code duplication
> except: functions over datatypes need to fix floating parameters

per-defn inference has fewer & more modular levels
> but: still a lot of levels per definition

111l-typed defns fail to check at the same points
> e.g. all three paradoxes (in 3.. 2.. 1..)

Prototype
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is StralT
consistent?

we don’t know.

e type-theoretic
paradoxes failing

e StraTT w/o floating
functions (subStraTT)
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Three Type-Theoretic Paradoxes

1. Russell’s paradox: an inductive containing inductives
that don’t contain themselves

2. Burali-Forti’'s paradox: a well-founded inductive
strictly greater than itself

3. Hurkens’ paradox: simplification of Girard’'s paradox

all fail to type check!

e trying to use higher-level term at lower level
e trying to use displaced term at undisplaced type

) consizcency SRS



Consistency of subStralT

Theorem (logical consistency):
# closed, well-typed inhabitant of L

Proof sketch:

. 1Interpret well-typed terms as Agda terms

. 1nterpret empty type as Agda’s empty type

. show interpretation preserves well-typedness

. closed subStraTT L term implies closed Agda L term

A WON B

) consizcency — JRC



Consistency of  StralT?

Theoremn’t (logical consistency):
# closed, well-typed inhabitant of L

Proof sketch:

1. 1nterpret well-typed terms as Agda terms
2. 1nterpret empty type as Agda’s empty type

3. shew—Interpretatieon—preserves—welltypedness
4. closed subStraTT L term implies closed Agda L term
. floating functions break preserving cumulativity

) Consizcency SRS



Model of subStralT Universes of Types

-- universe containing codes of types
data U (k : Level) : Set

-- 1nterpretation of codes of types as Agda types
el : vV k> Uk > Set

-- codes are cumulative
1iftU : VvV J k> J<k>U73>UKk

-- 1nterpretations are cumulative
LiftEl : Vv j k ltjk u > el j u > el k (Lift j k 1tjk u)

) Consistency SRS



Model of  StralT Universes of Types?

-- universe containing codes of types
data U (k : Level) : Set

-- 1nterpretation of codes of types as Agda types
el : vV k> Uk > Set

-- codes are cumulative
1iftU : VvV J k> J<k>U73>UKk

-- 1nterpretations are cumulative
LiftEl : V j k 1Ttjk u > el j u > el k (lift j k 1tjk u)
. fails to hold for nondependent function types!

) consiztency SRS



Contributions

StraTT: type theory w/
stratified judgements +
displacement

type safety (not presented)

prototype implementation
L datatypes
L annotation inference

subStraTT consistency sketch
consistency evidence

Future Work

consistency

expressivity

t vs. TT + prenex Llvl polymorphism

inference sound-/completeness

alternative designs

- only require
r-a:Aaj= 3k = j. T+A:*xgk
instead of
r-a:Aaj=>rT*+rA:*xQqj

- real level polymorphism

34



e preprint

thank VOU! arxiv.org/abs/2309.12164

e proofs/implementation
ithub.com/plclub/StraTT

to find out more:



https://arxiv.org/abs/2309.12164
https://github.com/plclub/StraTT

(Typing)

DT-Pr1 .
ATHFAY %
DT-TyYPE AL JAFB:Kx
AT j<k
AT ke 9 AT FTIx/ A B:F %
DT-ABsTYy ‘ DT-AprrTY '
ATFAY % A:Trb:*TIx/A. B
AT.x? Arb:*B ATra’ A
J2K <k

AT Ax.b:FTIx/A.B AT+ ba:* B{a/x}

DT—_CONST
DT-Var xJA=a€A
x/AeT A+T FA DT-BorTOoM
ArT j<k i+j<k A+rT
ATrx:*A A;T k xt kA% AT L%
DT-Conv
DT-ABSURD A;TFa kA
KT Ak % AT+ B:F %
A;I‘I—b:k_l_ A+rA=B
A;T + absurd(b) * A A:TFa kB

DT-ArRrROW
ATEA* % Ao B * %

A;I‘I—A—)B:k*

DT-ABsTm
AT H AR % DT-AppTM
A;Fi—B:k* ATrb*A—>B
A;F,x:kAl-b:kB A;I‘l—a:kA
A;l"l—/lx.b:kA—)B A;r}-ba:kB

FA  AorAkx AFT  ATFAFx%

A;@l—a:kA x ¢ domT
x ¢ domA x ¢ domA
FAx:KA=a ArT,x*kA
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4 hurkens.agda X

examples > ¢ hurkens.agda
{-# OPTIONS --cumulativity #-}

open import Agda.Primitive

data L :

U o Viees
UL L

A A

Q

o B 8,08

A § vfe,

A {e,} {e,}
Q9 & vy
0 {e} =1

[

M v {e}
M {e} _

R 5 ML
R {€} _

-- Need 0 :
-- Have Q :

Lz Ve
L {et o

}
-- Need A

= Have:A's

Set where

tve, e, > ((ue
2,8, t=

- SR N

23-=

1={r1(0{e}) Ax>1(tee (ot}

2, > Set (lsuc (e u e, u¢e,))
=V (X : Set 2) > (((X > set £,) > S{

. 2,2, >Set £,) > Set ¢,)
AXfpat(Ax>p (f(xXxf)))
> U (lsuc (2, ue,)) e, e, » (e,
='s (U e, @085 ('L, &)

2.1 U (lsuc (e, U e,)) 2,0, seg
y=(Vp>0¢e,e,yp>p(te, e

U £ 2 (lsuc (lsuc 2))
(lsuc (lsuc €)) A p> (Vx>0 ¢

~ v

x > 0 (lsuc &) ¢ x (A 8 {e}) »

A {
302(Ap>3 (A p(zeti
p> (Vx>0 2 (lsuc (lsuc £)) x p >
U (lsuc (lsuc (lsuc 2))) ¢ (lsuc (
U 2 2 (lsuc (lsuc ¢))

>(Vp> (Vx>0 (lsuc (lsuc 2))
{ o(a{tl {LHM(Apro (Ay>
: U2 2 (lsuc (lsuc 2)) > Set ¢
U (lsuc 2) 2 ¢ » Set (lsuc 2)

= ProofView: hurkens.v X

Error: In environment

Pr—

= Lean Infoview X

hurkens.694}

¥ hurkens.lean:19:55 (pinned)

¥ Expected type one @
p: U-> Type ¢ forall
x: U X

U

¥ Messages (1)
¥ hurkens.lean:19:55 p ( fun x0
The term

"Omegag{hurkens

application type mismatch

ar;;mt hurkens.695 hurkens. 696}"
% has t
has type

U : Type (& + 4)
but is expected to have type
U : Type (¢ + 3)

while it is expected to have type
¥ hurkens.lean:37:14 hurkens
¥ Messages (2)

¥ hurkens.lean:37:2

hurkens.693 hurkens.690 hurkens.693 hurkens.
sigmag{hurkens.678 hurkens.693 hurkens.690 hurkens. 693 hurkens.694 hurkens.693

urkens.689 hurkens.693 hurkens.690 hurkens.693 hurkens.694}
Typea{hurkens.689} = x x0)

A
PR{hurkens.693 hurkens.693 hurkens.694} U@{hurkens.693 hurkens.689 hurkens.693
hurkens.69@ hurkens.693 hurkens.694 hurkens.693 hurkens.69@ hurkens.693

Ua{hurkens.678 hurkens.693 hurkens.693 hurkens.69@ hurkens.693 hurkens.694

694},

X [

.689 hurkens.690 hurkens.693 hurkens.692 hurkens.693 hurkens.694

"Ua{xurkens.692 hurkens.689 hurkens.693 hurkens.690 hurkens.693 hurkens.694
hurkens.692 hurkens.696 hurkens.693 hurkens.694}"

"Ua{hurkens.693 hurkens.689 hurkens.693 hurkens.690 hurkens.693 hurkens.694
.693 hurkens.690 hurkens.693 hurkens.694}"
(un1verse inconsistency: Cannot enforce hurkens.696 <
hurkens.690 < hurkens.669 < hurkens.696).

hurkens.690 because

stuck at solving universe constraint
?u.622 =2= max (max (?u.622+1) (?u.625+1)) (?u.638+1)
while trying to unify

U.{?u.622, ?7u.638, ?u.625, 2u.638,
?u.625} : Type (max (max (max (max (?u.622 + 1) (?u.638 + 1)) (?u.625 + 1)) (?u.638 + 1)) (?
u.625 + 1))
with
U.{max (max (?u.625 + 1) (?u.638 + 1)) (?u.622 + 1), ?u.638, ?u.625, ?u.638,
?u.625} : Type
(max

(max (max (max ((max (max (?u.625 + 1) (?u.638 + 1)) (?u.622 + 1)) + 1) (?u.638 + 1)) (?
u.625 + 1))
(?u.638 + 1))
(?u.625 + 1))

¥ hurkens.lean:37:2 L]

failed to solve universe constraint

?u.622 =2= max (max (?u.622+1) (?u.625+1)) (?u.638+1)
while trying to unify

U : Type (max (max (max (max (u_1 + 1) (u_2 + 1)) (u_3 + 1)) (u_2 + 1)) (u_3 + 1))
with

U : Type

(max (max (max (max ((max (max (u_3 + 1) (u_2 + 1)) (u_1 + 1)) + 1) (u_2 + 1)) (u_3 + 1)) (u_2

+1)) (u_3 + 1))

v All Messages (0) 1
No messages.

“ o
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StraTT.pi M X

sig = \s.. s Uu (\t X fp..t (\s. p (f (s X £))))

\y. ((p: PUUQ 1) » sigy p - p (tau (sig y))) — Void

w) - sig x p = p (\X. x X))

Delta — Delta x

M =\x s d. d Delta s (\p. d (\y. p (tau (sig y))))

UU) = sig x p = p x) = p Omega

pi> StraTT.pi

170 tau : P (P UU) > WU
171] “tau = \eX:£ps t (\s: pCF (s X T)))
172

173| sig : U = P (P L)
174

175

176 Delta : P UU

177 Delta =

178

179 | Omega : UU

180| Omega = tau (\p. (x :
181

182 M : (x : UU) - sig x
183

184

185 D : Type

186 D=(p: PUU) > ((x:

PROBLEMS 4 OUTPUT PORTS

Constraints are

TERMINAL

pi/StraTT.pi:186:5:
11251 < 11247
pi/StraTT.pi:186:19:
domega859 = duus2e
pi/StraTT.pi:186:19:
duus2e + 2 <= 11247
pi/StraTT.pi:186:20:
11272 < 11247
pi/StraTT.pi:186:32:
duus23 = duus2e
pi/StraTT.pi:186:32:
duus20 = dsigs2s
pi/StraTT.pi:186:32:
11251 <= 11247
pi/StraTT.pi:186:32:
dsig825 = dsig825 +
pi/StraTT.pi:186:32:
11272 <= 11247
pi/StraTT.pi:186:32:
dsig825 + 1 <= 11247
pi/StraTT.pi:186:25:

[

dsig825 + 1 + 1 <= 11247

pi/StraTT.pi:186:10:

dsig825 + 1 + 1 <= 11247

pi/StraTT.pi:186:10:
dpP818 <= 11247
pi/StraTT.pi:185:5:
0 <= iST816
pi/StraTT.pi:185:5:
11247 <= iST816




