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Abstract

To exploit the expressivity of being able to refer to the type
of types, such as for large elimination, dependent type sys-
tems will either employ a universe hierarchy or else contend
with an inconsistent type-in-type rule. However, these are
not the only possible options. Taking inspiration from Strat-
ified System F, we introduce Stratified Type Theory (StraTT),
where rather than stratifying universes by levels, we stratify
typing judgements and restrict the domain of dependent
function types to some fixed level strictly lower than that of
the overall type. Even in the presence of type-in-type, this
restriction suffices to enforce consistency.

We explore the expressivity of several extensions atop this
design. First, the subsystem subStraTT employs McBride’s
crude-but-effective stratification (also known as displace-
ment) as a simple form of level polymorphism where top-
level definitions can be displaced uniformly to any higher
level as needed, which is valid due to cumulativity and plays
well with stratified judgements. Second, to recover some ex-
pressivity lost due to the restriction on dependent function
domains, the full StraTT system includes a separate nonde-
pendent function type with floating domains, whose level
instead matches that of the overall type. Finally, we have
implemented a prototype type checker for StraTT extended
with datatypes along with a small type checked core library.

While the subsystem can be shown to be consistent, show-
ing consistency for the full system with floating nondepen-
dent functions remains an open problem. Nevertheless, we
believe that the full system is also consistent and have mecha-
nized a syntactic proof of subject reduction. Furthermore, we
use our implementation to investigate various well-known
type-theoretic type-in-type paradoxes. These examples all
fail to type check in expected ways as evidence towards
consistency.

1 Introduction

Ever since their introduction in Martin-L6f’s intuitionistic
type theory (MLTT) [22], dependent type theories have in-
cluded hierarchies of type universes in order to rectify the
inconsistency of the type-in-type axiom. That is, rather than
the universe x being its own type, these type theories have
universes % indexed by a sequence of levels k such that the
type of a universe is the universe at the next higher level.
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Such a universe hierarchy is a rudimentary ingredient in
many contemporary proof assistants, such as Coq [6], Agda
[25], Lean [8], F* [30], Arend [5], and soon Idris 2 [3]. For
greater expressiveness, all of these (except for Idris 2) also
implement some sort of level polymorphism. Supporting
such generality means that the proof assistant must handle
level variable constraints, level expressions, or both. How-
ever, programming with and especially debugging errors
involving universe levels is a common pain point among
proof assistant users. So we ask: do all roads necessarily
lead to level polymorphism and more generally a universe
hierarchy, or are there other avenues to be taken?

To begin our exploration, let us take a look back at a dif-
ferent mechanism for universe levels and revisit type poly-
morphism in System F [12, 26]. Recall the formation rule for
polymorphic type quantification in System F, given below
on the left. This rule is part of the judgement I' + A type,
which asserts that the type A is well formed in context I'.
The quantification in this rule is impredicative because the
type Vx.B itself can be substituted for x in B, and it quantifies
over all types including itself.

F-STRATIFIED

I',x type j + B type k j<k
T+ Vx/.B type k

F-IMPREDICATIVE
I',x type + B type

I' + Vx.B type

Impredicativity has long been a troublemaker in the
metatheory of System F, in particular the lack of a classical
set-theoretic model [27]. To sidestep impredicativity, Leivant
[18] introduced Stratified System F, which stratifies types into
different levels by disallowing quantifying over types at the
same level as the quantification itself. The formation rule for
polymorphic types in this system is shown in the above rule
on the right. This rule is part of the stratified type formation
judgement, written T' - A type k, where k is a stratification
level.

To extend stratified polymorphism to dependent types,
there are two ways to read this judgement. We could interpret
I' + A type k as a type A living in some stratified type
universe *g; the generalization would then correspond to
a usual predicative type theory with a universe hierarchy
where % : ;. when j < k. Alternatively, we could interpret
the level k as a property of the judgement rather than part of
a type universe, and reéxpress the judgement as T' + A :F «.

Since dependent types can depend on terms, we might
generalize the stratified type formation judgement to a strat-
ified typing judgement T + a :¥ A, where variables x :¥ A are
also annotated with a level within the context I', but using a
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type universe that doesn’t have a level annotation. Guided
by these principles, we introduce stratified dependent func-
tion types I1x:¥ A. B which similarly quantify over types at
strictly lower levels.

To enable code reuse, rather than level polymorphism,
we employ crude but effective stratification by McBride [24].
Following Hou (Favonia) et al. [13], we refer to this as dis-
placement to prevent confusion. Given some signature A of
global definitions, we are permitted to use any definition
with its levels displaced upwards. In the context of StraTT,
displacement enables functions with level-annotated types
to be used with arguments at any higher level.

However, even in the presence of displacement, we find
that stratification is sometimes too restrictive and can rule
out terms that are otherwise typeable in an unstratified sys-
tem. Therefore, StraTT includes a separate unstratified non-
dependent function type with a floating domain. StraTT is
cumulative, so all expressions inhabit the level at which they
type check and at all higher levels. However, in a dependent
function type, the level of the domain type is fixed even when
the overall level of the type has been raised. In a floating,
nondependent type, level of the domain type floats to have
the same level as the overall type.

In the absence of floating nondependent functions, with
only stratified dependent functions, logical consistency holds
even with type-in-type, because the restriction on the do-
mains of dependent functions prevents the kind of self-
referential trickery that enables the usual paradoxes. How-
ever, we have not yet proven logical consistency with the
addition of floating nondependent functions. The covariant
behaviour of the floating domain with respect to levels is
unusual for function types, and is the primary barrier to
semantic modelling. Even so, we have not found proof of
inconsistency either, and our attempts lead us to believe
that consistency does hold, making the system suitable as a
foundation for theorem proving.

These features form the basis of our Stratified Type The-
ory (StraTT). Our contributions are as follows:

e We first define subStraTT, a subsystem of StraTT, which
features only stratified dependent function types and dis-
placement. We briefly sketch a proof of consistency, mod-
elling type universes with an inductive-recursive defini-
tion in Agda. — Section 2

o We then extend this subsystem to the full StraTT by adding
nondependent function types with floating domains, mo-
tivated through examples. < Section 3

e We have used the Coq proof assistant to prove important
syntactic metatheorems for StraTT, including subject re-
duction, which is nontrivial due to the level-annotated
context. < Section 4

e We have developed a prototype implementation of a type
checker, extending the language to include datatypes. We
use this implementation to demonstrate the effectiveness
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of stratification and displacement in practical dependently-
typed programming, as well as its shortcomings when
compared to prenex universe polymorphism. < Section 5
o As evidence towards logical consistency, we discuss how
common type-theoretic paradoxes, namely Hurkens’ para-
dox [15] and variants of Russell’s paradox [28] and Burali-
Forti’s paradox [4], fail to type check. We briefly highlight
the challenges in a consistency proof attempt. < Section 6

Section 7 discusses related work and we conclude in Sec-
tion 8. Our Agda model, Coq metatheory, and prototype
implementation are available online at https://github.com/
plclub/StraTT. Where lemmas and theorems are first intro-
duced, we include a footnote indicating the corresponding
source file and lemma name in the development.

2 A subsystem of Stratified Type Theory

In this section, we introduce subStraTT, a fragment of StraTT
that does not include the separate nondependent function
types. As it’s a subsystem, the main theorems of subject
reduction and other lemmas in Section 4 proven for the full
StraTT still hold.

The subsystem subStraTT is a cumulative, extrinsic type
theory with types a la Russell, a single type universe, level-
annotated dependent function types, an empty type, and
definitions with level displacement. The most significant dif-
ference between subStraTT and other type theories with
these features is the annotation of the typing judgement
with a level in place of universes in a hierarchy. We use
the naturals and their usual strict order and addition opera-
tion for our levels, but they should be generalizable to any
displacement algebra [13].

The typing judgement has the form ; its typ-

ing rules are given in Figure 1. The judgement states that
term a is well typed at level k with type A under the context
I' and signature A. A signature consists of global definitions
x :¥ A = g, where each constant x is definitionally equal to
its definition a. A context consists of declarations x :¥ A of
variables x.

The type of the type universe x is itself at any level; in the
next section, we show how even with this rule, subStraTT
can be proven consistent. Stratification occurs at dependent
function types in rule DT-P1: one can only quantify over
types at strictly smaller levels, and the domain type must
be well typed at the same strictly smaller level. Similarly,
in rule DT-ABsTY, the body of a dependent function is well
typed when its argument and its type are well typed at a
strictly smaller level, and by rule DT-ArrTY, a dependent
function can only be applied to an argument of the strictly
smaller level indicated by the function’s type.

Rules DT-BorToM and DT-ABSURD are the uninhabited
type and its eliminator, respectively. Although it should be
consistent to eliminate a falsehood into any level, including
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a b A B =

(Typing)
DT-P1 A
ATHFAI %
DT-TypE AT, x7 Ar B:* %
ArT j<k
AT Fx k% AT FIIxJ A B:F %
DT-ABsTy DT-ArrTY
ATHAY % ATrb*TIx/A B
AT, x7 Arb:*B ATral A
i<k j<k

ATFAx. b:FTIx/A. B AT+ ba:* B{a/x}

DT-ConsT
DT-Var xJA=a€eA
xJA€eT A+T FA DT-BoTrTOM
ArT j<k i+j<k A+rT
A;Fkx:kA A;Fkxi:kA+i A;FFL:k*
DT-Conv
DT-ABSURD ATrakA
A;FI—A:k* A;I‘I—B:k*
A;Fl—b:kJ_ A+-A=B
A;T + absurd(b) ¥ A A;Tra:kB

Figure 1. Syntax and typing rules (subStraTT)

lower levels, we restrict it so that the premises have the same
level as the eliminator so that we can prove Regularity.

In rules DT-VAR and DT-ConNsT, variables and constants
at level j can be used at any larger level k. This permits the
following admissible cumulativity rule! analogous to having
a cumulative universe hierarchy, allowing instead an entire
derivation to be used at a higher level.

ATrad A
A;Fka:kA

j<k

Constants are also annotated with a superscript indicating
how much they’re displaced by. If a constant x is defined with
a type A, we're permitted to use x’ as an element of type A
but with all of its levels incremented by i. The metafunction
a*! performs this increment in the term g, defined recursively
with (ITx 7 A. B)*! = IIx:" A*. B and (&))" = x¥.

The key formation rules for signatures and contexts

are given below.

Icog/restrict.v:DTyping_cumul

(Syntax)
| % | x|x'|Ox7/A.B|Ax.b| ba| L | absurd(b)
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FA AorAKx

AorakA AFT ATFAF %
x ¢ domA x ¢ domT x ¢ domA
FAx:KA=a ArT,x:FA

In rule DT-Conv, we use an untyped definitional equal-
ity that is reflexive, symmetric, transitive, and
congruent, and includes fin-equivalence for functions and
d-equivalence of constants x with their definitions. When a
constant is displaced as x’, we must also increment the level
annotations in their definitions by i. Below are the rules for
B-, n-, and -equivalence; the remaining rules can be found
in Appendix A.

x:¥A=aeA

Avr (Ax.b) a=b{a/x} Arix.bx=b Arx' =a"

Given a well-typed, locally-closed term A; @ + a K A, the
entire derivation itself can be displaced upwards by some
level increment i. This lemma differs from cumulativity, since
the level annotations in the term and its type are raised as
well, not just the level of the judgement.

Lemma 2.1 (Displaceability (empty context)). > If A; @ +
a:* Athen A; @ + att :itk AH

With x :¥ A = a in the signature, x' is definitionally equal
to a*!. Thus, this lemma justifies rule DT-ConsT, which gives
such displaced constants x’ the type A*'.

2.1 Consistency proof sketch

We can show that subStraTT is a consistent type theory, i.e.
that not all types are inhabited. In this section, we sketch
a model for subStraTT in Agda through the framework of
categories with families [10], focussing on how types are
modelled.

Inspired by Kovacs [16], we use induction-recursion to
model universes at each level, relying on the well-founded-
ness of levels to ensure their well-definedness. The elements
of the inductive definition represent codes of the types of sub-
StraTT, while the recursive function interprets these codes as
types in Agda. Consistency follows from the interpretation
of the empty type in subStraTT as an empty type in Agda,
and so is relative to the consistency of Agda.

Because the interesting part of subStraTT when consid-
ering consistency is the presence of type-in-type, here we
only include the model for universes, and omit constants and
displacement, as well as the interpretation from subStraTT
into the model. We have made the Agda files containing the
whole model available at https://github.com/plclub/StraTT
under the agda/ directory.

First, assume a type of Levels along with a well-founded
order _<_ on them. The proof of well-foundedness wf has

2coq/incr.v:DTyping_incr
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typeV (k : Level) - Acc k, where Acc k is the usual acces-
sibility predicate and acc< its constructor’
Now, the most direct way to model universes is as follows?

data U (k : Level) : Set
el : ¥ k-=Uk-~- Set
data U k where

0:uk
I:Uk
l:Vj-j<k-(A:Uj ~
(B:eljA-Uk) ~Uk
el k0 =Uk
elk1=1

el k (1 j jsk AB) = (x : el jA) - el k (B x)

The universe U k contains the code for itself U, the code for
the empty type 1, and the code for dependent functions fl,
containing a strictly smaller level j, the code for its domain
at the smaller level, and a function that produces a code
for its codomain at the same level given an element of the
interpretation of the code of the domain. The interpretation
el k interprets each code as expected, though in contrast to
usual inductive-recursive models, the interpretation of 0in
U k isn’t some smaller U j, but rather U k itself.

Agda will reject this inductive-recursive definition for not
being strictly positive, because in the type of the B argument
of fl, Agda thinks U could appear in a negative position as the
result of el. However, we know that only a strictly smaller
U j will be returned by virtue of well-foundedness of the
levels, so this definition is morally valid. To convince Agda
of this, we adapt the technique from Kovacs [16] and param-
etrize U by U< and el<. These parameters represent universes
at strictly smaller levels and interpretation functions that
can only be used on these strictly smaller universes.

data U' k (U< : ¥ {j} = j < k - Set)
(el< : V {j} (j<k : j < k) » U< j<k - Set)
. Set

el' : Vk (U< : ¥V {j}~>j <k~ Set)

(el< : ¥V {j} (j<k : j < k) » U< j<k - Set)
- U' k U< el< » Set
With this change, the A argument of 1 has type U< j<k,
while the B argument has type el< j<k A - U' k U< el<, no
longer violating strict positivity. We tie the knot by defin-
ing the top-level U< and el< by induction over accessibility
predicates on levels, then finally instantiate the predicates
by well-foundedness in U and el.
U< @V {k} - Acc k » ¥ {j} » j < k » Set
el< : ¥V {k} (p : Acc k) {j} (j<k : j < k)
> U< p j<k » Set
U< (ace< ) {3} j<k =
U3 (U< (F §<K)) (el< (F j<k))
el< (acc< f) {j} j<k =

3agda/Acc.agda
4agda/direct-model.agda
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el' j (U< (f j<k)) (el< (f j<k))

U:Vk-~Set

U k =U" k (U< (wf k)) (el< (wf k))
el : Vk-Uk-=- Set

el k = el' k (U< (wf k)) (el< (wf k))

To correctly model the cumulativity of subStraT T, we also
need to show that universes and codes are cumulative as
well. More precisely, we prove that given a code in U j, it
can be lifted to a larger universe U k, and given an element
in the interpretation of the smaller code, we can produce an
element in the interpretation of the lifted code.

lift : V{jk}-j<k-Uj-Uk

el ¥V {jk}~ (j<k : j <k)~

Vu-=elju-celk (lift j<k u)

The proofs of these cumulativity lemmas are slightly in-
volved due to having to deal with accessibility proofs, which
further requires assuming that Acc k is a mere proposition.
These proofs and the full definitions of U' and el can also
be found in the Agda files?

3 StraTT and floating functions

We have found that subStraTT alone is insufficiently expres-
sive, with some examples being unexpectedly untypeable
and others being simply clunky to work with. The full StraTT
system therefore extends the subsystem with a separate non-
dependent function type, written A — B, that does not have
the same level restriction on the domain as the dependent
function type.

DT-ArRrROW
ATFA* %  ATHFB:F %
ATHA— B:Fx
DT-ABsTMm
AT AR % DT-AppTM
ATFB* % ATHb*A—SB
A;F,x:kAFb:kB A;I‘I—a:kA
A;Tl—/lx.b:kA—>B A;Tl—ba:kB

Figure 2. Typing rules (nondependent functions)

The typing rules for nondependent function types, func-
tions, and application are given in Figure 2. The domain,
codomain, and entire nondependent function type are all
typed at the same level. Functions take arguments of the
same level as their bodies, and are applied to arguments of
the same level.

This distinction between stratified dependent and unstrati-
fied nondependent functions corresponds closely to Stratified
System F: type polymorphism is syntactically distinct from
ordinary function types, and the former forces the codomain

Sagda/model .agda
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to be a higher level while the latter doesn’t. From the per-
spective of Stratified System F, StraTT merely generalizes
stratified type polymorphism over types to include term
polymorphism.

We say that the domain of these nondependent function
types floats because unlike dependent function types, it isn’t
fixed to some particular level. The interaction between non-
dependent functions and cumulativity is where this becomes
interesting. Given a function f of type A — B at level j, by
cumulativity, it remains well typed with the same type at
any level k > j. The level of the domain floats up from j to
match the function at k, in the sense that f can be applied to
an argument of type A at any greater level k. This is unusual
because the domain isn’t contravariant with respect to the
ordering on the levels as we might expect. This behaviour is
why the consistency model from Section 2.1 can’t straightfor-
wardly be extended to accommodate nondependent function
types. We examine the issue in detail in Section 6.4.

3.1 Examples

The identity function. Here’s one way we could assign
a type to the type-polymorphic identity function. For conci-
sion, we use a pattern syntax when defining global functions
and place function arguments to the left of the definition.
(The subscript is part of constant name.)

idg ! IIX %% Mx:"X. X
ido X x =x

Stratification enforces that the codomain of the function
type and the function body have a higher level than that of
the domain and the argument, so the overall identity function
is well typed at level 1. While x and X have level 0 in the
context of the body, by subsumption, we can use x at level 1
in the body as required.

Although the level of the domain of id is fixed at 0, we
can displace the constant by 1.

idy 2 IIX . Ix:! X. X
idy = idp!

Since we have cumulativity, we would expect to be able
to apply idy to itself. This is possible with a typical cu-
mulative universe hierarchy, such as in Coq. In the below
definition, since (forall (X : Type@{uB}), X -> X) can be
assigned type Type@{ul}, it can be used as the first argu-
ment to id1. The second argument must then have type
(forall (X : Type@{uB}), X -> X). While id1 itself doesn’t
have this type, we can n-expand it to a function that does,
since Type@{uB} is a subtype of Type@{u1} and thus X of the
former type can be passed into a function that takes the
latter.

Universe uB ul.
Constraint uB <= ul.
Definition id1 (X : Type@{ul}) (x : X) : X := x.
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Definition idid1 : forall X, X -> X :=
id1 (forall (X : Type@{uB}), X —> X)
(fun X x => id1 X x).
However, the analogous definition applying id; to itself

doesn’t type check! The problematic subterm is bolded in
red below.

ididy ® TIX:O%. ITx:* X. X
ididy = idy (IX % IIx:°X. X) (AX. Ax.id; X x)

The type ITX :% . ITx:% X. X is well typed at level 1, but the
term AX. Ax.id; X x is only well typed with that type (again
via subsumption) at level 2, so the latter can’t be applied as
the second argument to idy, which is fixed at level 1.

Here is where floating nondependent function type comes
to use. Since the second argument isn’t depended upon in
the type, we can assign the identity function as follows.

id ' IX % X - X
idX x=x

Now the argument x and the function body are both at
level 1 without requiring subsumption. The argument and
body of a nondependent function having the same level is
key to typing the self-application.

idid 2IOX "% X —» X
idid = id" (IMX:"%. X — X) (AX. Ax.id! X x)

Displacing id by 1, we can then pass in the type I1X :°
*. X — X, which has level 1, followed by AX. Ax.id" X x,
which has level 2, yielding a final term at level 2.

Decidable types. Floating nondependent function types
are similarly crucial for type constructors. Later in Section 5
we’ll consider datatypes with parameters, but for now, con-
sider the following Church encoding [2] of decidable types,
which additionally uses negation defined as implication into
the empty type.

neg :* % — %

neg X =X— 1

Dec :' x —

Dec X =NZ % (X > Z) > (neg X - Z) > Z
yes :! TIX:"x. X — Dec X

yes X x = AZ.Af . Ag. f x

no :' IIX:"x.neg X — Dec X

no X nx =AZ.Af.Ag. g nx

The yes X constructor decides X by a witness, while the
no X constructor decides X by its refutation. We’re able to
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show that deciding a given type is irrefutable®

irrDec : TIX :* x. neg (neg (Dec X))
irrDec X ndec = ndec (no X (Ax. ndec (yes X x)))

Without the nondependent function type, neg and Dec
would be forced produce types at higher levels. The corre-
sponding constructors yes’ and no’, omitted below, would
also have higher levels.

neg’ ! TIX:x.
neg’ X =Tx"X. 1
Dec’ 2 X" %. %
Dec’ X =MZ:"%. Myz:* (Ix* X. Z).
Mnz:? (nx:'neg’ X.2).Z

Every dependent quantification in the domain increases
the overall level, so the smallest level that can be assigned
to Dec’ X is 3, since it takes a function eliminating a no’,
which is a function taking the negation of X, which itself is
a function from X. We can continue on to write the corre-
sponding type of irrDec’, displacing neg’ as needed, but the
body will no longer type check against it.

irrDec’ ° TIX  x. neg’* (neg”® (Dec’ X))
irrDec” X ndec := ndec (no’ X (Ax. ndec (yes’ X x)))

The level of the function ndec of type neg’® (Dec’ X) is
now 4, which is too high to be used in the argument of no’;
if we displace yes” and no’, then the level of the argument of
ndec will in turn be too high to fit.

Leibniz equality. Although nondependent functions can
often benefit from a floating domain, sometimes we don’t
want the domain to float. In some examples, the level of
the domain needs to be fixed to something strictly smaller
than that of the codomain even when the codomain doesn’t
depend on the function argument. Here, we turn to a simple
application of dependent types with Leibniz equality [17, 21]
to demonstrate such a situation.

eq I IIX % X - X — %
eqXxy=MIP°X >*Px—Py

An equality eq A a b states that two terms are equal
if given any predicate P, a proof of P a yields a proof of
P b; in other words, a and b are indiscernible. The proof of
reflexivity of Leibniz equality should be unsurprising.

refl ! TIX:%. IIx:"X.eq X x x
refl X x P px = px

We might try to define a predicate stating that a given
type X is a mere proposition, i.e. that all of its inhabitants

6Note this differs from irrefutability of the law of excluded middle,
neg (neg (I1X:°*. Dec X)), which cannot be proven constructively.
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are equal, and give it a nondependent function type.

isProp :* %« — %

isProp X =ITx"X. 11y°X.eq X x y

But this doesn’t type check, since the body contains an
equality over elements of X, which necessarily has level 1
rather than the expected level 0. We must assign isProp a
stratified function type; informally, stratification propagates
dependency information not only from the codomain, but
also from the function body.

isProp :! TIX % %. %
isProp X =Tx"X.My"X.eq X x y

Going one further, we can define a predicate isSet stating
that X is an h-set [32], or that its equalities are mere propo-
sitions, by using a displaced isProp, which also raises the
overall level. Once again, despite the type of isSet not being
an actual dependent function type, here we need to fix the
level of the domain.

isSet 2 TIX " %. %
isSet X = ITx:* X. ITy:* X.isProp' (eq X x y)

4 Syntactic metatheory

We use Coq to mechanize the syntactic metatheory of the
typing, context formation, and signature formation judge-
ments of StraTT, recalling that this covers all of strati-
fied dependent functions, floating nondependent functions,
and displaced constants. The proof scripts are available at
https://github.com/plclub/StraTT under the coq/ directory.

Strengthening. The key idea of this type system design is
that stratification levels delineate judgements. A judgement
at level k is only allowed to depend on judgements at the
same or lower levels.

One way to observe this property is through a form of
strengthening result, which states that variables from higher
levels can always be removed from the context and that
contexts can be truncated at any level.

Formally, we define the restriction operation, written [T'] k
that filters out all assumptions from the context with level
greater than k.

Lemma 4.1 (Restriction). 7 If A + T then A + [T']¥ for any
k,and if A;T F a :* A then A; [T7% + a :* A.

Weakening and Narrowing. We can extend the ordering
between levels, j < k, to an ordering between contexts,
I < I,. At the same time, we also incorporate the idea of
weakening into this relation. Stronger contexts have higher
levels and fewer assumptions.

7coq/ctx.v:DSig_DCtx_DTyping_restriction
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(Context ordering)
S-Cons
i<k S-WEAK
5-NrL <D <D
< ILx/ A<D,x:*A ILx* A<T,

This ordering is contravariant in the typing judgement: we
can lower the context without destroying typeability. This
result subsumes a standard weakening lemma.

Lemma 4.2 (Weakening/Narrowing). ® If A;T + a :¥ A and
ArT and I’ < T then A;TV F a ¥ A

Note that a restricted context could be stronger than the
original because it could contain fewer variable assumptions.

Lemma 4.3 (Restriction subsumption). ° T' < [Tk

Substitution and regularity. The substitution operation
must respect levels.

Lemma 4.4 (Substitution). '* If A; Ty, x 7/ BT, + a: A and
ATy + b7 Bthen A; Ty, T{b/x} + a{b/x} ¥ A{b/x}.

This lemma reflects the idea that a variable assumption
x :¥ Bis a hypothetical judgement. The variable x stands for
any typing derivation of the appropriate type and level.

Typing judgements themselves ensure the well-formed-
ness of their subcomponents. Note that if a term type checks,
its type can be typed at the same level.

Lemma 4.5 (Regularity). '' If A;T + a :* Athen+ A and
A+rTand A;THA R %

Because our type system includes the non—syntax-directed
rule T-Conv, the proof of this lemma depends on several
inversion lemmas (not shown).

Displacement. Derivations can be displaced wholesale.
For example, if we have a derivation

f!Ox*ABx"Arfx:'B

we can add 1 to each level in the judgement to get a new
derivation.

f:2 Hx:lA.B,leAkfx:ZB

More generally, we can add any level displacement i to each
level in the judgement.

fM*IxABx: A+ fx:""'B

This is a generalization of displaceability in an empty
context to include displacement of contexts, written as I'*’,
where (T, x K AT =T* x ki pti

8coq/ctx.v:DTyping_SubG
9coq/restrict.v:SubG_restrict

10¢0q/subst.v:DTyping_subst

Heoq/ctx.v:DCtx_DSig, cog/inversion.v:DTyping_DCtx ,
coq/ctx.v:DTyping_regularity
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Lemma 4.6 (Displacement). '* If A;T r a:* Athen A;T* ¢
atl gtk A%

Note that if we displace a context, the result may not be
stronger than the original because displacement may modify
the types in the assumptions. In other words, it is not the
case that T' < T'*F,

Floating. Sometimes we would like to use a dependent
function, like f above, at a higher level, without displacing its
type. The cumulativity rule allows variables from one level
to be made available to all higher levels using their current
type. However, when we use this rule in a judgement it does
not change the context that is used to check the term. This
can be restrictive — we can only substitute their assumptions
with lower level derivations.

In a special case, we can raise the level of some assump-
tions in the context when we raise the level of the judgement
without displacing their types or the rest of the context. For
example, suppose we have the following derivation.

f/Ox'ABx:'A+fx?B

This structure would also make sense at a higher level k,
where we have also raised the level of f.

f*x’ABx: Arfx:*B

However, we can only raise the level of variables, like f, that
are at the same level as the entire judgement. For example,
we cannot raise x which is at some lower level i because
then it would be invalid as an argument to f.

To prove this formally, we must work with judgements
that do not have any assumptions above the current level.
We know from strengthening that these assumptions aren’t
needed by the derivation, but their types could mention the
variables that are being raised, and we want to ensure that
the resulting context is well formed. Therefore, we use the
restriction operation to first discard the irrelevant variables.

Furthermore, to raise the level of certain levels, we in-
troduce the floating operation on contexts T]’?F that raises
assumptions in I" at level j to some higher level k without
displacing their types.

Lemma 4.7 (Restricted Floating). > If A;T + a 7/ A and
j < kthen A;T}‘(I’I"Ij) FakA.

The proof of the lemma above requires the following two
observations. First, that floating starting from a lower num-
ber is stronger than floating from a higher number.

Lemma4.8. *Sayi < jandj < k, then T]’?(|'I“-|j) < TR(ITTY)

Second, if we have a strict ordering between i and j, then
it doesn’t matter what the higher number floats to because
they won’t be present in the lower restriction.

2c0q/ctx.v:DTyping_incr
Beog/restrict.v:DTyping_float_restrict
14coq/restrict.v:SubG_float_leq
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Lemma 4.9. © Say i < jand i < ky, then for any k,
ki j k; i
75 (ITY) < 12 (717

Type Safety. We have shown that this language satisfies

the preservation (i.e. subject reduction) and progress lemmas,

where consists of - and d-reduction with call-

by-name evaluation.

Lemma 4.10 (Preservation). '© If A;T F a :F Aand A +
a~> d then A;T+a * A

The case for f-reduction of nondependent functions re-
quires the expressiveness of the restricted floating lemma
above. In this case, we have a derivation of the form I’ +
(Ax. a) b :* B, and we would like to show that the term after
reduction T + a{b/x} :* Bis well typed.

Our inversion lemmas give us the typing of the function
and argument at some level k.

Trix.a*A—B Trbka

Inverting the first derivation again, we find that because of
cumulativity, for some j < k we have I', x JA Fad A,

We cannot directly use the substitution lemma to show the
result because x needs to be at level j, but the argument may
be at some potentially higher level k. Therefore, to complete
the proof, we use the restricted floating lemma above to
modify the derivation above so that we have the one required
for substitution.

T]}-C(H‘V), x Arta * Ay
We can then weaken this derivation to the original context
r,x:k Ak a:kAz

and then, with the help of rule T-Conv to convert the types
A, to B and A to A;, conclude the desired result via our
substitution lemma.

Because we have not mechanized the metatheory of our
equivalence relation A = B, the preservation proof relies
on standard properties about this relation [1] that we state
as axioms in the development. Levels do not play a role in
definitional equality.

Proposition 4.1 (Injectivity for nondependent function
types). " IfA; —» A, = A — Bthen Ay = Aand A; = B.

Proposition 4.2 (Injectivity for dependent function types).
8 IfTlx " Ay. By = TIx 2 Ay. By then Ay = Ay, ji = jo, and
B1 = Bz.

Proposition 4.3 (Consistency of definitional equality). *° If
A = B then A and B do not have different head forms.

Preservation for the reflexive, transitive closure of reduc-
tion also follows from preservation for reduction.

Beog/restrict.v:SubG_float_lt
1660q/typesafety.v:Reduce_Preservation
7coq/axioms.v:DEquiv_Arrow_inj1,DEquiv_Arrow_inj2
18coq/axioms.v:DEquiv_Pi_inj1,DEquiv_Pi_inj2
coq/axioms.v:ineq_*
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Corollary 4.1 (Preservation). 2 If A;T + a ¥ Aand A r
a~*a then A;TFd F A

The progress lemma follows in the usual way.

Lemma 4.11 (Progress). > If A; @ r a :¥ A then either ais
a value or there is some b such that A + a ~ b.

Aside from the assumptions about definitional equality
stated above, the case of absurd(a) in this proof also requires
that the language be logically consistent, which we assume
as an axiom in our Coq development??

5 Prototype implementation with level
inference and datatypes

To explore the expressiveness of StraTT, we have imple-
mented a prototype type checker, which can be found at
https://github.com/plclub/StraTT under the impl/ directory.
This implementation is based on pi-forall [33], a simple
bidirectional type checker for a dependently-typed program-
ming language.

Annotation inference. For convenience, displacements
and level annotations on dependent types can be omitted;
the type checker then generates level metavariables in their
stead. When checking a single global definition, constraints
on level metavariables are collected, which form a set of
linear integer inequalities on metavariables. An SMT solver
checks that these inequalities are satisfiable by the naturals
and finally provides a solution that minimizes the levels.

As an example, recall the idid example from Section 3.1.

idid 2 IIX:"%. X - X
idid = id! (IMX:"%. X — X) (AX. Ax.id! X x)

All annotations can be left out, and the exact same levels
and displacements will be inferred.

idid" : TIX:%. X — X
idid” == id (TIX:*. X — X) (1X.Ax.id X x)

For clarity, in the remaining examples in this section, we
always write annotations explicitly. However, each of these
examples also type check with their annotations removed.

More generally, we don’t yet know whether a most general
set of displacements and level annotations always exists and
is discoverable by an SMT solver. Although we’ve found that
our simple approach to inference doesn’t always produce
the best solution in some constructed examples, in future
work we seek to address the inference question with more
sophisticated tools.

20c0q/typesafety.v:WHNF_Preservation
Zcoq/typesafety.v:progress
22c0q/axioms.v:empty_Bottom
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Datatypes. The implementation additionally features
stratified datatypes, case expressions, and recursion, used to
demonstrate the practicality of programming in StraTT. Re-
stricting the datatypes to inductive types by checking strict
positivity and termination of recursive functions to ensure
consistency is possible but orthogonal to stratification and
thus out of scope for this work. In this section and the next,
the examples we provide will always satisfy strict positivity
and structural termination.

Revisiting an example from Section 3.1, we can define Dec
as a datatype.

data Dec (X : %) :° x where
Yes :* X — Dec X
No :* neg X — Dec X

The lack of annotation on the parameter indicates that
it’s a floating domain, so that AX. Dec X can be assigned
type * — x at level 0. Datatypes and their constructors, like
variables and constants, are cumulative, so the aforemen-
tioned type assignment is valid at any level above 0 as well.
When destructing a datatype, the constructor arguments
of each branch are typed such that the constructor would
have the same level as the level of the scrutinee. Consider
the following proof that decidability of a type implies its
double negation elimination, which requires inspecting the
decision.

decDNE :! TIX " . Dec X — neg (neg X) — X
decDNE X dec nn = case dec of

Yesy =y

No x = absurd(nn x)

By the level annotation on the function, we know that dec
and nnx both have level 1. Then in the branches, the patterns
Yes y and No x must also be typed at level 1, so that y has
type X and x has type neg X both at level 1.

Datatype displacement. Datatypes and their construc-
tors, like constants, can be displaced as well, uniformly rais-
ing the levels of their types. Consider now a Box type which
stores in it a term of a fixed lower level.

data Box (X :° %) :! % where
MkBox :! IIx:* X. Box X

This time, the presence of the level 0 annotation on the
parameter indicates that it’s fixed, which also allows the
constructor argument x to be fixed at level 0. Displacing a
Box by 1 then raises the fixed parameter level to 1, and its
sole constructor would be a MkBox displaced by 1 which
destructs to yield a term at level 1. The following map over
a box displaced by 1 with a function at level 1 demonstrates

9
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this behaviour.
map # TIX:' % MY % TIf:! X — Y. Box'! X — Box! Y
map X Y f box = case box of
MkBox! x = MkBox! (f x)

5.1 Extended example: dependent pairs

Along with Dec and Box, we include with our implementa-
tion a variety of common datatypes and associated functions,
such as dependent pairs, logical connectives, booleans, op-
tionals, naturals, lists, finite sets, and vectors?® Here, we
take a closer look at dependent pairs to further explore the
behaviour and limitations of StraTT.

Because there are two different function types, there are
also two different ways to define dependent pairs. Using
a floating function type for the second component’s type
results in pairs whose first and second projections can be
defined as usual, while using the stratified dependent func-
tion type results in pairs whose second projection can’t be
defined in terms of the first. We first take a look at the former.

data NPair (X :° %) (P: X — %) :! x where
MkPair :' ITx:" X. P x — NPair X P
nfst * TIX . IIP:' X — %. NPair X P — X
nfst X P p == case p of MkPair x y = x
nsnd :2 TIX : %. IIP:' X — . IIp:' NPair X P. P (nfst X P p)
nsnd X P p = case p of MkPair x y = y

Due to stratification, the projections unfortunately need
to be defined at level 2 to accommodate dependently quanti-
fying over the P at level 1. Even so, the second projection is
well typed, since P can be used at level 2 by subsumption to
be applied to the first projection.

As the two function types are distinct, we do need both
varieties of dependent pairs. In particular, with the above
pairs alone, we aren’t able to define a universe of propositions
NPair % isProp, as you’ll recall that the predicate has type
I1X % %.  at level 1.

data DPair (X :° %) (P : Ix:°X. %) :! x where
MkPair :' TIx:* X. P x — DPair X P
dfst > TIX:" . IIP:' (IIx:° X. %). DPair X P — X
dfst X P p = case p of MkPair x y = x
dsnd :2 TIX " . ITP:! (TIx:* X. ). Ip:' DPair X P.
case p of MkPair x y = P x
dsnd X P p = case p of MkPairx y = y

In the second variant of dependent pairs where P is a
stratified dependent function type, the domain of P is fixed
tolevel 0, so in the type in dsnd, it can’t be applied to the first
projection, but it can still be applied to the first component

23impl/pi/README.pi
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by matching on the pair. Now we’re able to define DPair %
isProp.

In both cases, the first component has a fixed level, while
the second component is floating, so using a predicate at
a higher level results in a pair type at a higher level by
subsumption. Consider the predicate isSet, which has type
I1X :% . % at level 2: the universe of sets DPair * isSet is
also well typed at level 2.

Unfortunately, the first projection dfst can no longer be
used on an element of this pair, since the predicate is now
at level 2, nor can its displacement dfst!, since that would
displace the level of the first component as well. Without
proper level polymorphism, which would allow keeping the
first argument’s level fixed while setting the second argu-
ment’s level to 2, we're forced to write a whole new first
projection function.

In general, this limitation occurs whenever a datatype con-
tains both dependent and nondependent parameters. Nev-
ertheless, in the case of the pair type, the flexibility of a
nondependent second component type is still preferable to a
dependent one that fixes its level, since there would need to
be entirely separate datatype definitions for different combi-
nations of first and second component levels, i.e. one with
levels 0 and 1 (as in the case of isProp), one with levels 0 and
2 (as in the case of isSet), and so on.

6 On consistency

In this section, we delve into the design of StraTT and the
implementation as they relate to logical consistency, i.e. the
absence of a closed inhabitant of L.

6.1 Level annotations

The lack of level annotations on unstratified nondependent
function types lends to them their flexibility with respect
to cumulativity. A declared function f :° A — B taking and
returning a term at level 0 can, by subsumption, be used as a
function taking and returning a term at any higher level so
long as the input and output levels match. It may be tempting
to remove the level annotation on dependent function types
as well, so that they enjoy the same flexibility as long as
the output level is strictly greater than the input level, but
this recovers impredicativity, thus defeating the purpose of
stratification. Supposing the level annotations are removed
and that we have some well-typed function type ITx:%. B at
level 1, the following derivation is valid.

f:1 Hx:*.BI—f:Z IIx:%.B f:1 x:%. B Hx:%. B:! %
f ! TIx:*. B+ f (TIlx:*. B) :* B{Ilx: *. B/x}

Without the level annotation, the application rule for de-
pendent functions now applies merely whenever the argu-
ment is typed at a level strictly lower than the function,
allowing our function type to be substituted into its own
codomain. With both impredicativity and type-in-type, this
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system would be no different from an unstratified system
with type-in-type, allowing us to derive an inconsistency.

6.2 Constructor levels

In the implementation, a datatype definition is valid if, among
the other rules discussed, the level of the constructors cannot
be higher than that of the datatype itself. If the level were
allowed to be higher, while regularity wouldn’t be violated,
it would yet again be possible to derive an inconsistency. We
demonstrate this with a variant of Burali-Forti’s paradox [4]
concerning the simultaneous well-foundedness and non-
well-foundedness of particular datatype U?*?

data U :° x where
MkU ! IX:"*. (X - U) - U

While MkU is assigned level 1, we consider the possibility
of assigning level 0 to its type U. Note that this definition
is strictly positive, so we aren’t using any tricks relying
on negative datatypes. Next, we define a well-foundedness
predicate for U.

data WF :% ITu:' U. x where
MKWF :? TIX "% TIf :! X — U. (ITx:' X. WF (f x))
— WF (MkU X f)

This definition is strictly positive as well, while the con-
structor’s level is not greater than that of the datatype. It’s
easy to show that all U are well founded.

wf 2 TTu:'U. WF u
wf u = case u of

MkU X f = MKWF X f (Ax.wf (f x))

However, with U typeable at level 0, we're able to construct
an inhabitant that is provably not well founded.

loop :' U

loop = MkU U (Au. u)

nwfLoop > WF loop — L

nwfLoop wfLoop = case wfLoop of
MKWF X f h = nwfLoop (h loop)

In the branch of nwflLoop, by pattern matching on the
type of the scrutinee, X is bound to U and f to Au.u, so
h loop correctly has type WF loop. Note that this definition
would also pass the usual structural termination check, since
the recursive call is done on a subargument from h. Then
nwflLoop (wf loop) is an inhabitant of the empty type. By
restricting the level of the constructor to the level of its
datatype, the level of U must be 1, so the key problematic
definition loop is immediately disallowed.

A similar phenomenon occurs when trying to implement
a variant of Russell’s paradox [28], making use of the same U

%4This example was provided by Stephen Dolan in private correspondence.
25impl/pi/WFU.pi
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above (with its level as 1)2°-?7 First, a U is said to be regular
if it’s provably inequal to its subarguments; this represents
a set which doesn’t contain itself.

regular :' U — %
regular u := case u of

MkU X f =2 Ix"X. (f x=MkU X ) — L

The trick is to define a U that is both regular and nonreg-
ular. Normally, with type-in-type, this would be one that
represents the set of all regular sets.

R 3 U?
R == MkU? (NPair! U regular) (nfst' U regular)

Stratification once again prevents R from type checking,
since the pair projection returns a U and not a U2. The type
contained in the pair can’t be displaced to U? either, since
that would make the pair’s level too large to fit inside MkU?

6.3 Hurkens’ paradox

Although we’ve seen that stratification thwarts the para-
doxes in Section 6.2, that paradox leverages the properties
of datatypes and recursive functions, which we haven’t for-
malized. Here, we’ll turn to the failure of Hurkens’ paradox
as further evidence of consistency, which in contrast can be
formulated in pure StraTT without datatypes. Below is the
paradox in Coq without universe checking.

Require Import Coq.Unicode.Utf8_core.
Unset Universe Checking.
Definition P (X : Type) : Type
Definition U : Type :=

vV (X : Type), (P (P X) > X)~>P (PX).
Definition tau (t : P (P U)) : U :=

AXfp,t(As,p(f(sXTf))).
Definition sig (s : U) : P (P U) := s U tau.
Definition Delta (y : U) : Type :=

(V(p:PU), sigy p - p (tau (sig y))) -~ False.
Definition Omega : U :=

tau (A p, V (x : U), sigxp=p x).

Definition M (x : U) (s : sig x Delta) : Delta x :=
Ad, dDeltas (Ap, d(Ay, p (tau (sig y)))).
Definition D := V p, (V x, sig x p » p x) - p Omega.

Definition R : D :=

Apd,dOmega (Ay, d (tau (sigy))).
Definition L (d : D) : False :=

d Delta M (A p, d (Ay, p (tau (sig y)))).
Definition false : False := L R.

If we replace unsetting universe checking with

:= X - Type.

Set Universe Polymorphism.

26This formulation is due to Paolo Capriotti [9], and the Agda implementation
can be found at https://github.com/agda/agda/blob/master/test/Succeed/
Russell.agda.

27imp1/pi/Russell.pi
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then the definitions check up to M. The corresponding StraTT
code, too, checks up to M, as verified in the implementation?
Displacement is sufficient to handle situations in which poly-
morphism was needed, and explicitly indicates where.

Plx— %

PX=X—>x

U:!x

U=IX"x (P (PX) > X)— P (PX)

tau:! P (PU) > U

taut X fp=t(As.p (f (s X f)))

sig:> U = P (P U)

sig s==s U tau

Delta :* P U!

Delta y = (TIIp:' P U.sig y p — p (tau (sig y))) — L

Omega > U

Omega = tau (Ap.IIx:*Ul.sig x p — p (AX. x X))

M :* TIx:* U% sig! x Delta — Delta® x

M x s d = d Delta s (Ap. d (Ay.p (tau (sig y))))

D3 x

D =TIIp:'P U. (Ilx:' U.sig x p — p x) — p Omega

The next definition D doesn’t type check, since sig takes a
displaced U! and not a U. The type of x can’t be displaced
to fix this either, since p takes an undisplaced U and not
a UL, Being stuck trying to equate two different levels is

reassuring, as conflating different universe levels is how we
expect a paradox that exploits type-in-type to operate.

6.4 Proof attempt

The main difficulty in proving consistency via a semantic
model of StraTT is the interpretation of the nondependent
function type in the presence of cumulativity. Continuing
with the framework from Section 2.1, recall that for each
level k we have a collection U of codes of types of StraTT
and a mapping el from codes into the semantic domain. Now
let n be a mapping from variables into the semantic domain,
and consider the following fragment of an interpretation
from StraTT terms into the semantic domain.

[x1*n = n(x)
[Mx7 A.B]"y = 11 (j < k. [AVn. x = [BI*(n.x))
[4 — B]*n = 5« ([A]*n, [B]*n)
[[l]]k’? =1k

Zimpl/pi/Hurkens.pi (no annotations), impl/pi/HurkensAnnot.pi (all
annotations)
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Here, we have codes fI, 1, and 1j in Ug. Our fundamen-
tal lemma then states the following, disregarding any issues
regarding weakening of contexts and n mappings.

Lemma 6.1 (Fundamental lemma). Let ) be a mapping such
that for every x:/A € T, n(x) € el;([An). IfT + a ¥ A
then [a]*n € elx (JA]*n).

Consistency arises from the fundamental lemma com-
bined with the appropriate definition of el; (1), which in
the Agda model would be Agda’s empty type. The fundamen-
tal lemma is proven by induction on the typing derivation. In
the rule DT-VAR case, we have that [x]*n = n(x) € el ([A]),
while we need to show that [x]*7 € el ([A]¥). We thus need
a lemma stating that cumulativity is preserved.

Lemma 6.2 (Preservation of cumulativity). Suppose j < k.
If a € el ;([A]'n) then a € elp([A]*7).

We proceed by induction on the structure of A. With some
unfolding, we can see the case of IIx JA.B poses no issue,
since the level of its domain is fixed. In the case of A — B,
we need to show that if f € el;(5;([A], [B]’)), then f €
el (5 ([A], [B]¥)), with the induction hypotheses stating
thatif a € el;([A])’) then a € ele (JA]"), and similarly for B.
Since terms of type A — B behave like functions, we expect
that the interpretation of = codes behaves like a function
space. However, to prove our goal, we require that they not
be contravariant in the domain with respect to cumulativity,
as expected from a function space, but covariant!

Concretely, in the Agda model, supposing we have an
interpretation function [ A ] k n : U k given a representa-
tion of a StraT T term A, a level k, and a mapping n, we would
need to show that given a function

f:elj(TAljn-elj(BIjn
and an element a : el k ([ A ] k n), we have some ele-
mentinel k ([ B ] k n),but the application f aisill typed,
and we can’t demote a to a lower level.

One solution would be to change the interpretation of
nondependent functions to bake in cumulativity, something
along the lines of A — B = 5(i > k, [A], [B]), but this
would prevent Uy and el from being well defined by well-
founded induction on k.

We are thus at an impasse among stratified dependent
functions, floating nondependent functions, and cumulativ-
ity, all of which are fundamental features of StraTT.

7 Related Work

StraTT is directly inspired from Leivant’s stratified poly-
morphism [7, 18, 19], which developed from the ramified
polymorphic typed A-calculus briefly introduced by Statman
[29]. Stratified System F, a slight modification of the original
system, has since been used to demonstrate a normalization
proof technique using hereditary substitution [11], which
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in turn has been mechanized in Coq as a case study for the
Equations package [20]. More recently, an interpreter of an
intrinsically-typed Stratified System F has been mechanized
in Agda [31], where stratification levels are interpreted as
Agda’s universe levels. Similarly, Hubers and Morris [14]
model in Agda a stratification of R,,, which is a System F,,
with row types. Meanwhile, our system of level displace-
ment comes from McBride’s crude but effective stratifica-
tion [23, 24], following Hou (Favonia) et al. [13] and special-
izing the displacement algebra to the naturals.

8 Conclusion

In this work, we have introduced Stratified Type Theory, a
departure from a decades-old tradition of universe hierar-
chies without, we believe, succumbing to the threat of logical
inconsistency. By stratifying dependent function types, we
obstruct the usual avenues by which paradoxes manifest
their inconsistencies; and by separately introducing floating
nondependent function types, we recover some of the expres-
sivity lost under the strict rule of stratification. Although
proving logical consistency for the full StraTT remains a
challenge for future work, we have provided extensive evi-
dence supporting our conjecture of consistency by showing
how well-known type-theoretic paradoxes fail.

Towards demonstrating that StraTT isn’t a mere theoreti-
cal exercise and, if consistent, is a viable basis for theorem
proving and dependently-typed programming, we have im-
plemented a prototype type checker for the language aug-
mented with datatypes, along with a small core library. The
implementation also features inference for level annotations
and displacements, allowing the user to omit them entirely,
but demonstrating that inference is complete remains future
work. We also leave formally ensuring that our rules for
datatypes don’t violate existing metatheoretical properties
as future work.

We have chosen level displacement over level polymor-
phism for its simplicity, expressivity, and extensibility. Al-
though we fix levels to the naturals in both the proof mecha-
nization (to take advantage of Coq’s arithmetic tactics) and
the Haskell implementation (to enable solving level metavari-
able constraints), it should be possible to use any displace-
ment algebra in the sense of Hou (Favonia) et al. [13]. This
opens future exploration with, for instance, transfinite levels,
as are used in transfinite stratified polymorphism [7]. Even
so, nothing precludes adopting explicit level polymorphism
in place of displacement. This raises interesting questions,
such as at what level a term like A¢.TIx :* A. B should be
typed, or whether a consistency proof would be further com-
plicated by needing to model such terms.

Ultimately, we hope that StraTT demonstrates the feasi-
bility of a renewed alternative to how type universes are
handled, and opens up fresh avenues in the design space of
type theories for proof assistants.
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A Well-formedness and equality

(Signature formation)
D-Cons
FA
AN;oFA k%
A, oFa kA
D-EmprTY x ¢ domA
5 FA X *kA=q
A+rT (Context formation)
DG-Cons
A+rT
AT FAK
DG-EmMPTY x ¢ domT
FA x ¢ domA
A+ ArT,x:F A
(Definitional equality)
DE-TRANS
DE-Sym Ara=b
DE-REFL Arb=a Arb=c
Ata=a Ara=b Ara=c
DE-EtaA
DE-BETA bl — b x
A+ (Ax.b) a= b{a/x} ArAx. b =0
DE-ARrROW
DE-DELTA ArA=z A
x:FA=aeA A+B=P
Arx'=a" ArA—B=A"—>FH
DE-P1
ArA=A DE-ABs
ArB=H Arb=V
ArTIx:*A. B=Tx:*kA". B ArAx.b=Ax. b
DE-Arp
Ara=d DE-ABSURD
Arb=Vb Arb=V
Arba=bd A+ absurd(b) = absurd(b)

Figure 3. Signature formation, context formation, and defi-
nitional equality rules
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