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Why Dependent Types?

(Dependent) type theory

Types

Terms

Type checking

(Predicate) logic

Propositions

Proofs

Automated proof checking

correspond to



Things that don’t pass checks but should

fix minus (n m: nat): nat ≔
  case n, m of
  | zero, _ ⇒ n
  | _, zero ⇒ n
  | succ p, succ q ⇒
    minus p q

fix div (n m: nat): nat ≔
  case n of
  | zero ⇒ zero
  | succ k ⇒
    succ (div (minus k m) m)

not structurally smaller than n!



Things that don’t pass checks even with inlining but should

fix minus (n m: nat): nat ≔
  case n, m of
  | zero, _ ⇒ zero
  | _, zero ⇒ n
  | succ p, succ q ⇒
    minus p q

fix div (n m: nat): nat ≔
  case n of
  | zero ⇒ zero
  | succ k ⇒
    succ (div (minus k m) m)

still not structurally smaller than n!



Sized Types

data nat [s] ≔
| zero: ∀ α < s. nat [s]
| succ: ∀ α < s. nat [α] → nat [s]

additional size information

larger size



Sized Types

data nat [s] ≔
| zero: ∀ α < s. nat [s]
| succ: ∀ α < s. nat [α] → nat [s]

fix minus [r] [s] (n: nat [r]) (m: nat [s]): nat [r] ≔ …

fix div [r] [s] (n: nat [r]) (m: nat [s]): nat [r] ≔
  case n of
  | zero [α] ⇒ zero [α]
  | succ [α] k ⇒ succ (div [α] [s] (minus [α] [s] k m) m)

recursion on smaller size α < r



Past Work on Sized Types

Past work Based on Higher-rank sizes Bounded sizes

Barthe et al. (2006), 

Grégoire et al. (2010), 

Sacchini (2011, 2013)

✅ CIC ❌ ❌

Abel (2006, 2012),

Abel and Pientka (2016)

❌ System Fω ✅ ✅

Abel et al. (2017) ✅ MLTT ✅ ❌
This! Sized CCω (2021) ✅ CCω ✅ ✅

(∀ α. τ) → τ ∀ α < s. τ

https://doi.org/10.1007/11916277_18
https://doi.org/10.1007/978-3-642-16242-8_24
https://pastel.archives-ouvertes.fr/pastel-00622429
https://doi.org/10.1109/LICS.2013.29
http://www.cse.chalmers.se/~abela/diss.pdf
http://dx.doi.org/10.4204/EPTCS.77.1
https://doi.org/10.1017/S0956796816000022
https://doi.org/10.1145/3110277


Sized CCω
= CCω
+ higher-rank, bounded sizes
+ naturals + W types

Extensional CIC

Γ ⊢ e : τ

type-preservingly

compiles to

⟦⟦Γ⟧⟧ ⊢ ⟦⟦e⟧⟧ : ⟦⟦τ⟧⟧

consistent

consistency

· ⊬ e : ⊥

implies

· ⊬ ⟦⟦e⟧⟧ : ⊥

is known to be 

of



wfind : (P: Size → Type) →

        ((α: Size) → ((β: Size) → β < α → P β) → P α) →

        (α: Size) → P α ≔ …

Φ, α; Γ ⊢ σ : Type

Φ, α; Γ, f: ∀ β < α. τ[α ↦ β] ⊢ e : τ

──────────────────────────────────────

Φ; Γ ⊢ fix f [α]: τ ≔ e : ∀ α. τ

motive

IH

IH

QED

QED



Challenges and Future Work
● Universe levels of Sizes don’t line up with those of translated inductives

● The infinite size is not well-founded and has no good translation

● Extend to general inductives/coinductives

Questions?
Drop by the SRC virtual discussion session to ask them!

Thank you!


